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G P = (P0, P1, ..., PlP ) Q = (Q0,Q1, ...,QlQ )

∀0 ≤ i ≤ lP, 0 ≤ j ≤ lQ, Pi � Qj P Q

r (P1, P2, ...Pr)

Sn n v =
(v1, v2, ..., vn) σ ∈ Sn vσ = (vσ(1), vσ(2), ..., vσ(n)) σ ∈ Sn σ (−1) σ

σ σ

A = (ai, j)n×n A

det(A) =
∑

σ∈Sn

( σ)
n∏

i=1

ai,σ(i)

2n π ∈ S2n

∀1 ≤ i ≤ n, π2i−1 < π2i

∀1 ≤ i < n, π2i−1 < π2i+1

1 ≤ i ≤ n π2i−1 π2i

M2n 2n π ∈ Mn π (w, y)

(x, z) w < x < y < z w > x > y > z π

π π

π π

π

π (i, j)

π′ ∈ Mn−2 π ≡ π′ + j − i − 1 (mod 2)

A = (ai, j)n×n AT = −A A
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0

(ai, j)1≤i< j≤n n × n A

n A = (ai, j)1≤i< j≤n A

(A) =
∑

π∈Mn

( π)
n/2∏

i=1

aπ(2i−1),π(2i)

n A n X n

(1)1≤i< j≤n = 1
∑
π∈Mn

π = 1
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(A)2 = det(A)

A (A) (A)

X

LG(...) L(...)

G
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P w(P) =
∏
e∈P

w(e) P = (P1, P2, ..., Pn)
n∏

i=1
w(Pi)

∑

σ∈Sn

( σ)GF
(
LG(Aσ → E | ); w

)
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(
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(
LG(Aj → Ei); w

))

det
1≤i, j≤n

(
GF
(
LG(Aj → Ei); w
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∑

(σ,P),
σ∈Sn,P∈LG(Aσ→E)

( σ)w(P)
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(
(σ,P)
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w
(
Pφ
)
= w
(
P
)
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φ (σ,P) P

G A (σ,P) P (M, i, j)

Pi Pj M

(M, i, j) A Pi, Pj M

φ

Pi Pj A (σ,P)

φ (σ,P) φ (σφ,Pφ)
σφ σ i j
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E3
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E1

E2

E3
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A4

M
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φ (σ,P)

G A,E ∀i < j, k < l

P ∈ LG(Ai → El) Q ∈ LG(Aj → Ek) A E G

A E G 0

σ = (1, 2, ..., n)
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GF
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= det
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G A = (A1, A2, ..., An) E =
(E1, E2, ...Em) n ≤ m A G G a ∈ A e ∈ E

n, i, j 1 ≤ i < j ≤ n π ∈ Mn π

i j π′ π i j

i < k < j π k i, j π = − π′
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∑
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i < k < j i, j k i Pi, Pk

idi, idk Pi, Pj M AB CD Pk A, B

M Pk C A E G idk > idi

Pk CB CB idi idk Pk CB

Pk C, B

φ π i j
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v A E v
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A→ E ∪ Ê | )
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m
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


Q H

−HT 0
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∀1 ≤ i ≤ m Pi E ∀m < i ≤ n Pi Ê Q = (QG(i, j; w))1≤i, j≤n

i < j QG(i, j; w) (P′, P′′)

Ai Aj Ê
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n ≥ m n + m (A1, A2, ..., Am) E G

(Am+1, Am+2, ..., An) Ê G w
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A n P
∀1 ≤ i ≤ m Pi E ∀m < i ≤ n Pi Ê Q = (QG(i, j; w))1≤i, j≤n
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1

A n B m n > m

A B

A A

B A B

y = x + 1

(0, 0) (n,m) y = x + 1

∣∣∣L
(
(0, 0)→ (n,m) | x ≥ y

)∣∣∣ =
(
n + m

n

)
−
(
n + m
n + 1

)
=

n + 1 − m
n + 1

(
n + m

n

)

(
n+m

n

)
y = x + 1

y = x + 1 P y = x + 1 A

y = x + 1 P A (−1, 1) (n,m)

A

φ : L
(
(0, 0) → (n,m) | y = x + 1

) → L
(
(−1, 1) →

(n,m)
)

φ

L
(
(−1, 1)→ (n,m)

)
y = x + 1

∣∣∣L
(
(0, 0)→ (n,m) | x ≥ y

)∣∣∣ =
∣∣∣L
(
(0, 0)→ (n,m)

)∣∣∣ −
∣∣∣L
(
(0, 0)→ (n,m) | x < y

)∣∣∣

=
∣∣∣L
(
(0, 0)→ (n,m)

)∣∣∣ −
∣∣∣L
(
(−1, 1)→ (n,m)

)∣∣∣

=

(
n + m

n

)
−
(
n + m
n + 1

)

�
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S

S′

T

A

S

T

S′

S′′

A

B

n−m
n+m

n,m b m > n + b (0, 0) (n,m)

y = x + b

∣∣∣L
(
(0, 0)→ (n,m) | y > x + b

)∣∣∣ =
(
n + m

n

)
−
(
n + m
n − b

)

(0, 0) (n, n) y = x + 1
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n + 1
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1 n,m, l, r ∈ Z
l < 0 < r, n + l < m < n + r (0, 0) (n,m) y = x + l y = x + r

P s(P) y = x + l s(P)

L y = x + r s(P) R
∣∣∣L
(
(0, 0) →

(n,m) | s(P) = ∅
)∣∣∣ ∅ S ⊆ T S T

#(S ) =
∑

P∈L((0,0)→(n,m))
[S ⊆ s(P)]

#(L) #(R)

P y = x + r A P A

y = x + l y = x + l

B A

#(L), #(R), #(LR), #(RL), #(LRL), #(RLR)...

[s = ∅] = [∅ ⊆ s] − [L ⊆ s] − [R ⊆ s] + [LR ⊆ s] + [RL ⊆ s] − [LRL ⊆ s] − [RLR ⊆ s] + ...

∣∣∣L
(
(0, 0)→ (n,m) | s(P) = ∅

)∣∣∣ = #(∅) − #(L) − #(R) + #(LR) + #(RL) − #(LRL) − #(RLR) + ...

n,m l, r l < 0 < r, n + l < m < n + r (0, 0)

(n,m) y = x + l y = x + r

∣∣∣L
(
(0, 0)→ (n,m) | x + l < y < x + r

)∣∣∣ =
∑

k∈Z

((
n + m

n − k(r − l)

)
−
(

n + m
n − k(r − l) + r

))

k 0 O( n+m
k ) O(n + m)

Õ(
√

n + m)

y = kx+ b k, b ∈ R
k ∈ Q
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i=1

Ai = 0 P (n,m) A

P
1

n+m

(
n+m

n
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n x k

l kl
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i(n′+m′)

(
i(n′+m′)

in′

)

[x0]F(x) = 0 [xi]G(x) (0, 0) (in′, im′) y = m
n x

ln(1 −G) = −
∑
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∣∣∣L
(
(0, 0)→ (n,m) | x + l < y < x + r

)∣∣∣ =
∑

k∈Z

((
n + m

n − k(r − l)

)
−
(

n + m
n − k(r − l) + r

))

k 0 O( n+m
k ) O(n + m)

Õ(
√

n + m)

y = kx+ b k, b ∈ R
k ∈ Q
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1

n,m, µ m ≥ µn |L((0, 0)→ (n,m) | y ≥ µx
)|

(0, 1) (0,−1)

n,m, µ m ≥ µn m 1 n

2 n + m p1, p2, ..., pm+n m − µn
#(1) > µ#(2) 1 2 µ

p n 2

µ 1 µ + 1 m − µn 1

1 �

n,m, µ ∈ Z+ m ≥ µn (0, 0) (n,m) y = µx

|L((0, 0)→ (n,m) | y ≥ µx
)| = m − µn + 1

m + 1

(
n + m

n

)

S

S′

T

AB

B′

y < µx

y < µx A

1 ≤ b ≤ µ A y = µx − b

b µ

L
(
(1,−1)→ (n,m)

)

A BA

S B B′S ′

y = µx−b

A (1,−1) (n,m)

A
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Rd H W H

W H R W

R Rd Rd − ⋃H∈R H

C w ∈ W w(C)

kH rH H ∈H

C W H S

w ∈ W w(S) = S H ∈H , s ∈ S 〈s, rH〉 0 ±kH rH

H kH H

C A, E H ∈H 〈A, rH〉 〈E, rH〉 kH

A E m C

∣∣∣Lm(A→ E; S | C)
∣∣∣ =
∑

w∈W
(det w)

∣∣∣Lm(w(A)→ E; S)
∣∣∣

Z2 {(1,−1), (1, 1), (F, 0)} x F = 1

F = 2

a, c b, d (a, b) (c, d)

∣∣∣L
(
(a, b)→ (c, d); S = {(1,−1), (1, 1), (2, 0)} | y ≥ 0

)∣∣∣ =
(c−a)/2∑

k=0

(
c − a − k

k

) ((
c − a − 2k

(c + d − 2k − a − b)/2

)
−
(

c − a − 2k
(c + d − 2k − a + b + 2)/2

))

y ≥ 0 (2, 0)

∣∣∣L
(
(a, b)→ (c, d); S

)∣∣∣ =
(c−a)/2∑

k=0

(
c − a − k

k

)(
c − a − 2k

(c + d − 2k − a − b)/2

)

(a, b) (c, d) (a, b)

(c,−d − 2) �

2024

1

n,m, µ m ≥ µn |L((0, 0)→ (n,m) | y ≥ µx
)|

(0, 1) (0,−1)

n,m, µ m ≥ µn m 1 n

2 n + m p1, p2, ..., pm+n m − µn
#(1) > µ#(2) 1 2 µ

p n 2

µ 1 µ + 1 m − µn 1

1 �

n,m, µ ∈ Z+ m ≥ µn (0, 0) (n,m) y = µx

|L((0, 0)→ (n,m) | y ≥ µx
)| = m − µn + 1

m + 1

(
n + m

n

)

S

S′

T

AB

B′

y < µx

y < µx A

1 ≤ b ≤ µ A y = µx − b

b µ

L
(
(1,−1)→ (n,m)

)

A BA

S B B′S ′

y = µx−b

A (1,−1) (n,m)

A
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(F, 0) y = −1 〈s, rH〉 = 0

rH = (0, 1), kH = 1 〈s, rH〉 = kH

(x, 1) (x,−1)

d = (a1, a2, ..., ad) = (e1, e2, ..., ed) Zd

∀1 ≤ i < d, ai < ai+1, ei < ei+1 x1 < x2 < ... < xd

∣∣∣L
(
a→ e | x1 < x2 < ... < xd

)∣∣∣ =
( d∑

i=1

(ei − ai)
)
! det

1≤i, j≤d

(
1

(ei − aj)!

)

H = {xi = xi+1 | 1 ≤ i < d},R = {xi = x j | 1 ≤ i < j ≤ d} W

{1, 2, ..., d}
∣∣∣L
(
a→ e | x1 < x2 < ... < xd

)∣∣∣

=
∑

σ∈Sd

( σ)
∣∣∣L(aσ → e)

∣∣∣

=
∑

σ∈Sd

( σ)

(∑d
i=1(ei − ai)

)
!

∏d
i=1(ei − aσ(i))!

=

( d∑

i=1

(ei − ai)
)
! det

1≤i, j≤d

(
1

(ei − aj)!

)

�

a0, a1, ..., an

(0, 0) (n,m) (x, y) y ≤ ax

fi, j (0, 0) (i, j)

O(1) O(nm)

m n+ 1 (i, ai)

−1

O(n) O(m)

O(n2 + m)

k

O(k2 + n + m)
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b0, b1, ..., bn−1, bn = m

∀0 ≤ i ≤ n, bi ≤ ai a b

bi > bi+1 bl > bl+1 > ... > br(r � m)(
al

r−l+1

)
l

O(n2)

n,m

(m, am)

m (m, am)

(m, am) (m, am)

O(log n) L

O(L log L)

2(n + m) n,m O(n log2 n)

2024

(F, 0) y = −1 〈s, rH〉 = 0

rH = (0, 1), kH = 1 〈s, rH〉 = kH

(x, 1) (x,−1)

d = (a1, a2, ..., ad) = (e1, e2, ..., ed) Zd

∀1 ≤ i < d, ai < ai+1, ei < ei+1 x1 < x2 < ... < xd

∣∣∣L
(
a→ e | x1 < x2 < ... < xd

)∣∣∣ =
( d∑

i=1

(ei − ai)
)
! det

1≤i, j≤d

(
1

(ei − aj)!

)

H = {xi = xi+1 | 1 ≤ i < d},R = {xi = x j | 1 ≤ i < j ≤ d} W

{1, 2, ..., d}
∣∣∣L
(
a→ e | x1 < x2 < ... < xd

)∣∣∣

=
∑

σ∈Sd

( σ)
∣∣∣L(aσ → e)

∣∣∣

=
∑

σ∈Sd

( σ)

(∑d
i=1(ei − ai)

)
!

∏d
i=1(ei − aσ(i))!

=

( d∑

i=1

(ei − ai)
)
! det

1≤i, j≤d

(
1

(ei − aj)!

)

�

a0, a1, ..., an

(0, 0) (n,m) (x, y) y ≤ ax

fi, j (0, 0) (i, j)

O(1) O(nm)

m n+ 1 (i, ai)

−1

O(n) O(m)

O(n2 + m)

k

O(k2 + n + m)
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l L

P = (P0, P1, ..., Pl)
l∑

i=0
[Pi ∈ L ] P Il(P) l

1

1

n,m, b m ≥ n + b t n

(0, 0) (n,m) P P y = x + b t

∣∣∣L
(
(0, 0)→ (n,m) | I(P) = t

)∣∣∣ = 2t−1
(
n + m − t + 1

m

)
− 2t

(
n + m − t

m

)

∣∣∣L
(
(0, 0)→ (n,m) | I(P) ≥ t

)∣∣∣ = 2t−1
(
n + m − t + 1

m

)

P I(P) ≥ t P y = x+ b t A1, A2, ..., At

y = x+b At y ≤ x+b

2t−1

1 ≤ i < t Ai (1, 0) t − 1 (1, 0) P

(0, 0)

(n − t + 1,m)

L
(
(0, 0)→ (n − t + 1,m)

)

A1, A2, ..., At (1, 0) �

b b 0 ≤ b < m− n

(0, 0) (n,m)

m < n + b y = x + b

y = x + b
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A1

A2

A3

A4

S

T

At

S

T

A1

A2

A3

A4

T
′

t − 1 (1, 0)

t = 4

n,m, b m ≥ n + b (0, 0) (n,m)

y = x + b

GF
(
L
(
(0, 0)→ (n,m);I(P)

))
=

n∑

i=0

2i

(
n + m − i

m

)
=

n+m+1∑

i=m+1

(
n + m + 1

i

)

2i

n,m, b k m ≥ kn + b t n

(0, 0) (n,m) P P y = kx + b t

∣∣∣L
(
(0, 0)→ (n,m) | I(P) = t

)∣∣∣ = (k + 1)t−1
(
n + m − t + 1

m

)
− (k + 1)t

(
n + m − t

m

)

∣∣∣L
(
(0, 0)→ (n,m) | I(P) ≥ t

)∣∣∣ = (k + 1)t−1
(
n + m − t + 1

m

)

2024

l L

P = (P0, P1, ..., Pl)
l∑

i=0
[Pi ∈ L ] P Il(P) l

1

1

n,m, b m ≥ n + b t n

(0, 0) (n,m) P P y = x + b t

∣∣∣L
(
(0, 0)→ (n,m) | I(P) = t

)∣∣∣ = 2t−1
(
n + m − t + 1

m

)
− 2t

(
n + m − t

m

)

∣∣∣L
(
(0, 0)→ (n,m) | I(P) ≥ t

)∣∣∣ = 2t−1
(
n + m − t + 1

m

)

P I(P) ≥ t P y = x+ b t A1, A2, ..., At

y = x+b At y ≤ x+b

2t−1

1 ≤ i < t Ai (1, 0) t − 1 (1, 0) P

(0, 0)

(n − t + 1,m)

L
(
(0, 0)→ (n − t + 1,m)

)

A1, A2, ..., At (1, 0) �

b b 0 ≤ b < m− n

(0, 0) (n,m)

m < n + b y = x + b

y = x + b
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Ai (1, 0) Ai+1

y = kx + b

Ai, Ai+1 Ai (0, 1)

Ai y ≤ kx+ b A′ 0 ≤ b′ < k A′ y = kx+ b− b′

b′ k

k AiA′

Ai y = kx+ b− b′

A′ y = kx + b − b′

A′ Ai A′ y = kx + b

Ai Ai+1 y = kx + b k + 1

At y = kx + b 1 ≤ i < t Ai

(1, 0) �

n,m, b k m ≥ kn+ b (0, 0) (n,m)

y = kx + b

GF
(
L
(
(0, 0)→ (n,m);I(P)

))
=

n∑

i=0

(k + 1)i

(
n + m − i

m

)
=

n+m+1∑

i=m+1

ki−m−1
(
n + m + 1

i

)

(a, b) (c, d) P (1, 0)

(0, 1) c − a d − b

(1, 0) (0, 1)

P

(P) (P)

(0, 0) (n,m)

P � (p1, q1), (p2, q2), ..., (p�, q�)

� (p, q) P
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p q

1 ≤ p1 p2 ... p� ≤ n
0 ≤ q1 q2 ... q� < m

(p, q)

(p, q)

n,m, � (0, 0) (n,m) � �

∣∣∣L
(
(0, 0)→ (n,m) | (P) = �

)∣∣∣ =
∣∣∣L
(
(0, 0)→ (n,m) | (P) = �

)∣∣∣ =
(
n
�

)(
m
�

)

1

1

(0, 0) (n,m) y = x+b

�

y = x + b P

P y = x + b

y = x + b I

−b ≤ q1 − b ... qI − b pI pI+1 ... p� ≤ n
b < p1 + b ... pI−1 + b qI+1 ... q� < m

qI < pI + b < pI+1 + b ≤ qI+1

(pI , pI−1 + b) y = x + b I

I I = 1

(p, q)

−b ≤ p0 p1 p2 ... p� ≤ n
b < q2 ... q� < m

n,m, � b m ≥ n + b (0, 0) (n,m)

y = x + b �

∣∣∣L
(
(0, 0)→ (n,m) | y ≥ x + b, (P) = �

)∣∣∣ =
(
n
�

)(
m
�

)
−
(
n + b + 1
� + 1

)(
m − b − 1
� − 1

)

2024

Ai (1, 0) Ai+1

y = kx + b

Ai, Ai+1 Ai (0, 1)

Ai y ≤ kx+ b A′ 0 ≤ b′ < k A′ y = kx+ b− b′

b′ k

k AiA′

Ai y = kx+ b− b′

A′ y = kx + b − b′

A′ Ai A′ y = kx + b

Ai Ai+1 y = kx + b k + 1

At y = kx + b 1 ≤ i < t Ai

(1, 0) �

n,m, b k m ≥ kn+ b (0, 0) (n,m)

y = kx + b

GF
(
L
(
(0, 0)→ (n,m);I(P)

))
=

n∑

i=0

(k + 1)i

(
n + m − i

m

)
=

n+m+1∑

i=m+1

ki−m−1
(
n + m + 1

i

)

(a, b) (c, d) P (1, 0)

(0, 1) c − a d − b

(1, 0) (0, 1)

P

(P) (P)

(0, 0) (n,m)

P � (p1, q1), (p2, q2), ..., (p�, q�)

� (p, q) P
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n,m, � b m ≥ n + b (0, 0) (n,m)

y = x + b �

∣∣∣L
(
(0, 0)→ (n,m) | y ≥ x + b, (P) = �

)∣∣∣ =
(
n
�

)(
m
�

)
−
(
n + b − 1
�

)(
m − b + 1
�

)

n,m, l, r, � l ≤ 0 ≤ r, n+ l ≤ m ≤ n+ r (0, 0) (n,m)

y = x + l y = x + r �

|L((0, 0)→ (n,m) | x + l ≤ y ≤ x + r, EN(.) = �)|

=
∑

k∈Z

((
m − k(r − l)
� + k

)(
n + k(r − l)
� − k

)
−
(
m − k(r − l) − r − 1

� + k

)(
n + k(r − l) + r + 1

� − k

))

1

(0, 0) (n,m) y = µx �

µ

P y = µx

I X ∈ Z r ∈ [1, µ] ∩ Z qI = µX − r I

y ≤ µx − r P r µ

qI mod µ

0 ≤ X − pI−1 ... X − p1 X pI + 1 ... p� + 1 ≤ n
1 ≤ qI − qI−1 ... qI − q1 qI+1 ... q� < m

I

µpI−1 − r < qI−1 < qI = µX − r ≤ µpI − r

0 ≤ p1 ... p�−1 p� p�+1 ≤ n
1 ≤ q1 ... q�−1 < m

I (pI , qI) y = µx − r

I

n,m, � µ m ≥ µn (0, 0) (n,m)

y = µx �

∣∣∣L
(
(0, 0)→ (n,m) | y ≥ µx, (P) = �

)∣∣∣ =
(
n
�

)(
m
�

)
− µ
(
n + 1
� + 1

)(
m − 1
� − 1

)
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n,m, � µ m ≥ µn (0, 0) (n,m)

y = µx �

∣∣∣L
(
(0, 0)→ (n,m) | y ≥ µx, (P) = �

)∣∣∣ =
(
n − 1
� − 1

)(
m + 1
�

)
− µ
(
n
�

)(
m
� − 1

)

n, � A = (A1, A2, ..., An),E = (E1, E2, ..., En)

Ai = (a(i)
1 , a

(i)
2 ), Ei = (e(i)

1 , e
(i)
2 ) a1, e1 a2, e2 A E

�

∣∣∣L
(
A→ E | , (P) = �

) ∣∣∣

=
∑

�1+...+�n=�

det
1≤i, j≤n



(
e( j)

1 − a(i)
1 − i + j
�i

)(
e( j)

2 − a(i)
2 + i − j

�i + i − j

)

P (P)
∑

P∈P
(P)

(P) (P)

q

q q

q q → 1

q

q q q m ≤ n

[n]q =

n−1∑

i=0

qi

q

[n]q! =
n∏

i=1

[i]q

q

2024

n,m, � b m ≥ n + b (0, 0) (n,m)

y = x + b �

∣∣∣L
(
(0, 0)→ (n,m) | y ≥ x + b, (P) = �

)∣∣∣ =
(
n
�

)(
m
�

)
−
(
n + b − 1
�

)(
m − b + 1
�

)

n,m, l, r, � l ≤ 0 ≤ r, n+ l ≤ m ≤ n+ r (0, 0) (n,m)

y = x + l y = x + r �

|L((0, 0)→ (n,m) | x + l ≤ y ≤ x + r, EN(.) = �)|

=
∑

k∈Z

((
m − k(r − l)
� + k

)(
n + k(r − l)
� − k

)
−
(
m − k(r − l) − r − 1

� + k

)(
n + k(r − l) + r + 1

� − k

))

1

(0, 0) (n,m) y = µx �

µ

P y = µx

I X ∈ Z r ∈ [1, µ] ∩ Z qI = µX − r I

y ≤ µx − r P r µ

qI mod µ

0 ≤ X − pI−1 ... X − p1 X pI + 1 ... p� + 1 ≤ n
1 ≤ qI − qI−1 ... qI − q1 qI+1 ... q� < m

I

µpI−1 − r < qI−1 < qI = µX − r ≤ µpI − r

0 ≤ p1 ... p�−1 p� p�+1 ≤ n
1 ≤ q1 ... q�−1 < m

I (pI , qI) y = µx − r

I

n,m, � µ m ≥ µn (0, 0) (n,m)

y = µx �

∣∣∣L
(
(0, 0)→ (n,m) | y ≥ µx, (P) = �

)∣∣∣ =
(
n
�

)(
m
�

)
− µ
(
n + 1
� + 1

)(
m − 1
� − 1

)
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[
n
m

]

q
=

[n]q!
[m]q![n − m]q!

q

q q m ≤ n
[
n
m

]

q
= qn−m

[
n − 1
m − 1

]

q
+

[
n − 1

m

]

q
=

[
n − 1
m − 1

]

q
+ qm

[
n − 1

m

]

q

q

n−1∏

i=0

(1 + qix) =
n∑

i=0

q( i
2)
[
n
i

]

q
xi

q
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